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Zero-sum sequences

Classical zero-sum theory: long sequence contains zero-sum subsequences with
prescribed properties. (a Ramsey-type problem)
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Classical zero-sum theory: long sequence contains zero-sum subsequences with
prescribed properties. (a Ramsey-type problem)

In this talk, we will not discuss classical zero-sum theory but present some connection
between zero-sum sequences with

e combinatorial reciprocity
e cyclic sieving phenomenon

e Cayley table of abelian groups (Latin squares)



Zero-sum sequences

Let G be an additive finite abelian group. By a sequence

S=gi+... g

over (G, we mean a finite sequence of elements g1, ..., gr € G which is unordered and
repetition of terms is allowed, and k is called the length of S.



Zero-sum sequences

Let G be an additive finite abelian group. By a sequence

S=gi+... g

over (G, we mean a finite sequence of elements g1, ..., gr € G which is unordered and
repetition of terms is allowed, and k is called the length of S. We define

o(S)=g1+ -+ gk

We say that S is a zero-sum sequence if o(S) equals O¢, the identity element of G.



Zero-sum sequences

Let G be an additive finite abelian group. By a sequence

S=gi+... g

over (G, we mean a finite sequence of elements g1, ..., gr € G which is unordered and
repetition of terms is allowed, and k is called the length of S. We define

o(S)=g1+ -+ gk

We say that S is a zero-sum sequence if o(S) equals O¢, the identity element of G.

For example, S =1-1 -2 is a zero-sum sequence over Z4 of length 3.



Number of zero-sum sequences

We define the set

M(G, k) = {S is a sequence over G | o(S) = 0g, |S| = k}.



Number of zero-sum sequences

We define the set
M(G, k) = {S is a sequence over G | o(S) = 0¢q, |S| = k}.
For example, we consider Z,. Then we have

M(Z47 3) = {Sla 527 537 54) S5}a

where o
S51=0-0-0
So=0-1-3
S3=0-2-2
Sy=1-1-2
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Number of zero-sum sequences

Next, we consider Zs. Then we have

M(Z37 4) = {Tla TQ» T3a T4) T5}7

where
7T'=0-0-0-0
T, =0-0-1-2
T3=0-1-1-1
Ty=0-2-2-2
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A reciprocity on cyclic groups

Note that
IM(Z4, 3)| = IM(Z3,4)|.

M. Fredman, A symmetry relationship for a class of partitions, J. Combin. Theory Ser. A,
18 (1975), pp. 199-202.

2A.G. Elashvili, M. Jibladze and D. Pataraia, Combinatorics of Necklaces and Hermite
Reciprocity, J. Algebraic Comb., 10 (1999), pp. 173-188.
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A reciprocity on cyclic groups

Note that
IM(Z4, 3)| = IM(Z3,4)|.

This is not just a coincidence.

Using methods from generating functions, necklace interpretation, Freedman
(1975)!, N. Alon, G. Andrews, R. Stanley (1990s, mentioned by Elashvili, Jibladze and
Pataraia 2) independently proved that

IM(Zn, m)| = M(Zin, n)]

holds for any positive integers n, m.

M. Fredman, A symmetry relationship for a class of partitions, J. Combin. Theory Ser. A,
18 (1975), pp. 199-202.

2A.G. Elashvili, M. Jibladze and D. Pataraia, Combinatorics of Necklaces and Hermite
Reciprocity, J. Algebraic Comb., 10 (1999), pp. 173-188.



Zero-sum sequences over finite abelian groups

Theorem 1.1 (Han and Zhang, STAM J. Discrete Math. 2021)
For any two abelian groups G and H with (|G|,|H|) = 1, we have

IM(G, [H|)| = [M(H, [G])]




Zero-sum sequences over finite abelian groups

Theorem 1.1 (Han and Zhang, STAM J. Discrete Math. 2021)
For any two abelian groups G and H with (|G|,|H|) = 1, we have

IM(G, [H|)| = [M(H, [G])]

Moreover, the above cardinality is

Cat — (e
ICHHEI =G+ HI\ |G|, |H| )’

the rational Catalan numbers.

We provide a combinatorial interpretation of this result.



Rational Catalan number

Let a, b be positive integers with (a,b) = 1, we call

Cat 1 fa+b
P a,b

the rational Catalan number.

3R. Stanley, Catalan numbers, Cambridge University Press, New York, 2015.



Rational Catalan number

Let a, b be positive integers with (a,b) = 1, we call

Cat 1 fa+b
P a,b

the rational Catalan number. In particular,

Cat 1 2n+1) 1 2n
n’n+1_2n+1 n T n+1\n

is the classical Catalan number, which counts at least 200 different objects.3

3R. Stanley, Catalan numbers, Cambridge University Press, New York, 2015.



Rational Dyck paths

In general, for any a,b with (a,b) = 1, we consider lattice paths from (0,0) to (a,b)

~

which only use unit steps (1,0) or (0,1) and stay above the diagonal line y = 2:1:. It turns
out that the number of such paths are Cat,; = a%r,_,(“;%b).

(8,5)
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A reciprocity

Theorem 1.2 (Li and Z., Electronic J. Combin. 2024)

Let G and H be finite abelian groups. We have
IM(G, |H|)| = [M(H, |G])|

if and only if
vc(d) = eu(d), for any d| (|G|, |H]|).

Here, pc(d) is the number of elements of order d in G.




Combinatorial reciprocity

The famous combinatorial reciprocity (R.P. Stanley, Adv. Math. 1974) is a
fascinating phenomenon in combinatorics where a function f(n) that counts combinatorial
objects for positive integer inputs can be reinterpreted, when evaluated at negative
integers f(—n), seems meaningless but counts another class of objects (often with a sign).
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Combinatorial reciprocity

The famous combinatorial reciprocity (R.P. Stanley, Adv. Math. 1974) is a
fascinating phenomenon in combinatorics where a function f(n) that counts combinatorial
objects for positive integer inputs can be reinterpreted, when evaluated at negative
integers f(—n), seems meaningless but counts another class of objects (often with a sign).

Let f(n) = (}), then

rem= () = ("),

where for a € R,

Note that, (Z) counts the k-subset and ("H]:_l) counts the k-multisubset.



Combinatorial reciprocity

Combinatorial reciprocity appeared in many classical combinatorial objects

Ehrhart polynomial (in discrete geometry)

chromatic polynomial (in graph theory)

order polynomials (in partial ordered set)

e and so on...

and reveals deep and unexpected structure.*

4M. Beck and R. Sanyal, Combinatorial reciprocity theorems, Grad. Stud. Math., 195,
American Mathematical Society, Providence, RI, 2018, xiv+308 pp.



Combinatorial reciprocity - Ehrhart-Macdonald reciprocity

For a lattice polytope P C R?, the convex hull of finitely many points with integer
coordinates,

5M. Beck and S. Robins, Computing the Continuous Discretely: Integer-point Enumeration
in Polyhedra, Undergrad. Texts Math., Springer, New York, 2015, xx+285 pp.
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coordinates, Ehrhart proved that the counting function

Lp(t)=tPNZY, teN,

is a polynomial in ¢ of degree d, where tP = {tz | x € P}. The polynomial Lp(t) is called
the Ehrhart polynomial.®
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Combinatorial reciprocity - Ehrhart-Macdonald reciprocity

For a lattice polytope P C R?, the convex hull of finitely many points with integer
coordinates, Ehrhart proved that the counting function

Lp(t)=tPNZY, teN,

is a polynomial in ¢ of degree d, where tP = {tz | x € P}. The polynomial Lp(t) is called
the Ehrhart polynomial.®

Ehrhart-Macdonald reciprocity states that:
Lp(—=t) = (=1)%Lps(t),  teN,

where P° denotes the interior of P.

5M. Beck and S. Robins, Computing the Continuous Discretely: Integer-point Enumeration
in Polyhedra, Undergrad. Texts Math., Springer, New York, 2015, xx+285 pp.



P = conv{(0,0),(1,0),(0,1)} (the triangle) and ¢t = 4

Note that, Lp(t) = L2 70 4) = 15, and L3 (4) = 3 = (—1)2Lp(—4).




Combinatorial reciprocity for M(G, m)

What happens if we consider [M(G, —m)|?

5D.C. Han and H. B. Zhang, A reciprocity on finite abelian groups involving zero-sum
sequences, STAM J. Discrete Math., 35(2) (2021), 1077-1095.



Combinatorial reciprocity for M(G, m)

What happens if we consider [M(G, —m)|?
Let G =Zpn, ® -+ ® Zy, be a finite abelian group with |G| =n =n;---n, and

ni|---|n,. Then for any positive integer m, we have
1 n/d+m/d—1
M(G =— d
MGl = 3 (M.

where g (d) = 374 1(d/1) T[;—; (ni, 1) is the number of elements of order d in G. (for a
proof using invariant theory, see%)
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Combinatorial reciprocity for M(G, m)

What happens if we consider [M(G, —m)|?
Let G =Zpn, ® -+ ® Zy, be a finite abelian group with |G| =n =n;---n, and

ni|---|n,. Then for any positive integer m, we have
1 n/d+m/d—1
M(G =— d
MGl = 3 (M.

where g (d) = 374 1(d/1) T[;—; (ni, 1) is the number of elements of order d in G. (for a
proof using invariant theory, see%)

IM(G, —m)| can be calculated using (}) = w, where a € R.

5D.C. Han and H. B. Zhang, A reciprocity on finite abelian groups involving zero-sum
sequences, SIAM J. Discrete Math., 35(2) (2021), 1077-1095.



Explicit Counting formula

Let

M°(G,m) ={S | S € M(G,m) and every elements of G appear in S}.



Explicit Counting formula

Let
M°(G,m) ={S | S € M(G,m) and every elements of G appear in S}.

For example, we have
MO(Z37 5) = {T17 T2}7

where



Combinatorial reciprocity

Theorem 1.3 (Han-Wang-Zhang-Zhang, 2026)

Let G be an abelian group of order n, and m > 1, then we have

IM(G, —m)| = (=1)" "' |M°(G, m)|. (1)

Therefore, M(G, m) also exhibits an interesting combinatorial reciprocity.



Combinatorial reciprocity

Theorem 1.3 (Han-Wang-Zhang-Zhang, 2026)

Let G be an abelian group of order n, and m > 1, then we have

IM(G, —m)| = (=1)" "' |M°(G, m)|. (1)

Therefore, M(G, m) also exhibits an interesting combinatorial reciprocity.

IM(Zs, >|—{§(W)’ i3 fm.
i |

For example,

Therefore, we have

Mzs-5) = 5 (757) =3 T =2 = W@ ).



Combinatorial reciprocity

For 7 € Aut(G), note that for a zero-sum sequence S = g1 -+ - gx, 7(S) = 7(91) - - - 7(gr)
is also zero-sum. Let

M(G,m)” = {S | S € M(G,m), 7(S) = S}

and

M°(G,m)" ={S | S € M(G,m), 7(S) =S, supp(S) = G}.



Combinatorial reciprocity

For 7 € Aut(G), note that for a zero-sum sequence S = g1 -+ - gx, 7(S) = 7(91) - - - 7(gr)
is also zero-sum. Let

M(G,m)” = {S | S € M(G,m), 7(S) = S}

and

M°(G,m)" ={S | S € M(G,m), 7(S) =S, supp(S) = G}.

Theorem 1.4 (Han-Wang-Zhang-Zhang, 2026)

Let G be an abelian group of order n, T € Aut(G), O(7) the number of orbits of T and
m > 1, then we have

IM(G, —m)"| = (=1)°~|M°(G, m)"|.




® Cyclic sieving phenomenon



Cyclic sieving phenomenon

Let X be a finite set, carries an action of a cyclic group C,, = (¢) of order n, Let f(q)
be a polynomial in ¢ having non-negative integer coefficients, with the property that
f(1) = |X|. Let ¢, be a primitive n-th root of unity.

A triple
(X, Cn, f(9))

exhibits the cyclic sieving phenomenon (Reiner-Stanton-White, JCTA 2004) if for any
positive integer d,
{a | w =2, e X} = f(C).



Cyclic sieving phenomenon

Let X,,4+2 be the set of triangulations of a regular (n + 2)-gon. Then it is well known

that | X,,12| = Cat, = %H(Q:) For example, Xg

VAT AWA
)G Q<

contains the following:

<
NAVAS,

<<
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Cyclic sieving phenomenon

The cyclic group Cy,4+2 = {(c) acting on X,,4+2 by rotation.

Let ) 0
n
Cat = —
0= [,
be the MacMahon’s ¢g-Catalan polynomial, where [n], =1+ ¢+ -+ ¢"! and

[n]lg = [n]g[n — 1]q -+ [1]g.



Cyclic sieving phenomenon

The cyclic group Cy,4+2 = {(c) acting on X,,4+2 by rotation.

Let ) on
Cata(9) = 5, [nL

be the MacMahon’s ¢g-Catalan polynomial, where [n], =1+¢+---+ ¢! and
[n]lq = [n]q[n — 1]4 - - - [1]4. For example,

1 8
Cat4(q)zm [ 4] =1+ +PE+2¢ "+ +2¢5 + 4"+ 2% + ¢ + 10 + 2
q q

Hz | P -z =2 Xg}| =2 = Caty(¢?)
{z | -2 =a,2€ Xe}| = 6 = Cata((5)

Then the triple (X, 42, Crt2, Caty(q)) exhibits the CSP (Reiner-Stanton-White, JCTA
2004).



Rational ¢-Catalan number

Recall that for |G| =n and (n,m) = 1, we have |IM(G,m)| = Caty, ;,, where

1 <n+m)
Catym =
’ n—+m\ n,m

the rational Catalan number.

M. Haiman, Hilbert schemes, polygraphs and the Macdonald positivity conjecture, J. Amer.
Math. Soc. 14 (2001), no. 4, 941-1006.

8M. Haiman, Vanishing theorems and character formulas for the Hilbert scheme of points in
the plane, Invent. Math. 149 (2002), 371-407.



Rational ¢-Catalan number

Recall that for |G| =n and (n,m) = 1, we have |IM(G,m)| = Caty, ;,, where

1
Catym — <n + m)

n,m

the rational Catalan number. For positive integers n, m with (n,m) =1, let

Catnm(q) = mlm]q [n ;m} "

It is known that Caty, ,(q) a polynomial in ¢ with non-negative integer coefficients; see v

8. Therefore, Caty . (q) provides a g-analog of |M(G, m)| (where |G| = n and (n,m) = 1).

M. Haiman, Hilbert schemes, polygraphs and the Macdonald positivity conjecture, J. Amer.
Math. Soc. 14 (2001), no. 4, 941-1006.

8M. Haiman, Vanishing theorems and character formulas for the Hilbert scheme of points in
the plane, Invent. Math. 149 (2002), 371-407.



Cyclic sieving phenomenon

Theorem 2.1 (Han-Wang-Zhang-Zhang, 2026)

Let G be an abelian group of odd order n. Let X = M(G, m) (where (n,m) =1) and
Cy = (¢) acting on X with

Il
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c-(g1-92- 9gm) :
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Cyclic sieving phenomenon

Theorem 2.1 (Han-Wang-Zhang-Zhang, 2026)

Let G be an abelian group of odd order n. Let X = M(G, m) (where (n,m) =1) and
Cy = (¢) acting on X with

c (9192 9gm) = (=g1) - (=g2) - (—=gm),
and . .
Catpm(q) = m[ m ]q.

Then (M(G,m),Ca, Caty, (q)) exhibits the CSP.




Cyclic sieving phenomenon

Theorem 2.1 (Han-Wang-Zhang-Zhang, 2026)

Let G be an abelian group of odd order n. Let X = M(G, m) (where (n,m) =1) and
Cy = (¢) acting on X with

c (9192 9gm) = (=g1) - (=g2) - (—=gm),
and . .
Catpm(q) = m[ m }q.

Then (M(G,m),Ca, Caty, (q)) exhibits the CSP.

The Cs-action case of CSP is also called the ¢ = —1 phenomenon, first introduced by
Stembridge (Duke Math. J. 1994).



Cyclic sieving phenomenon

satisfies Cats 3(1) =

wl Dol =] =

Note that

which exhibits CSP.

2.2—3-3-4, 0-0-0—0-0-
1-3—2-4-4, 0-1-4—0-1-
4-4—1-1-3, 0-2:3—0-2-
3-4—1-2-2

3= |{S € M(Z5,3) ’ c-S= S}| = Cat573(—1) =3

Wl W Ol



Cyclic sieving phenomenon

Theorem 2.2 (Han-Wang-Zhang-Zhang, 2026)

Let G be a finite abelian group of order n, let m € N with (n,m) = 1, and let ¢ € Aut(Q)
have order d. Assume that c is semiregular on G \ {0} with

c (9192 gm) == c(q1) - c(g2) - - - c(gm)-

Then the triple
(M(G,m), (c), Catynm(q))

exhibits the cyclic sieving phenomenon.




Cyclic sieving phenomenon

Theorem 2.2 (Han-Wang-Zhang-Zhang, 2026)

Let G be a finite abelian group of order n, let m € N with (n,m) = 1, and let ¢ € Aut(Q)
have order d. Assume that c is semiregular on G \ {0} with

c (9192 gm) == c(q1) - c(g2) - - - c(gm)-

Then the triple
(M(G,m), (c), Catynm(q))

exhibits the cyclic sieving phenomenon.

Let ¢ € Aut(G) have finite order d. We say that c is semiregular on G\ {0} if
Fixg(c!) = {0} for every 1 < j < d.

Equivalently, every nonzero orbit of the cyclic group (c) has size d.



Cyclic sieving phenomenon

Corollary 2.3 (Han-Wang-Zhang-Zhang, 2026)

Let p be an odd prime and X = M(Zp, m) (where (p,m) =1) and Aut(Zy) = Cp—1 = (o)
acting on X with

o-(91-92--9m) = 0(g1) - 0(g2) - -- o (gm),
Then (M(Zy,, m), Aut(Zy), Catp m(q)) exhibits the CSP.




Cyclic sieving phenomenon

Corollary 2.3 (Han-Wang-Zhang-Zhang, 2026)

Let p be an odd prime and X = M(Zp, m) (where (p,m) =1) and Aut(Zy) = Cp—1 = (o)
acting on X with
o-(91-92--gm) = 0(g1) - 9(92) -+ -0 (9m),

Then (M(Zy,m), Aut(Zy), Caty m(q)) exhibits the CSP.

Corollary 2.4 (Han-Wang-Zhang-Zhang, 2026)

Let G = (Z/pZ)" with p prime, let X € (Z/pZ)* have multiplicative order d, and let c be
the automorphism x — Az of G. If (p,m) = 1, then

(M(Z;,m), {c), Catprym(q))

exhibits the cyclic sieving phenomenon.




Cyclic sieving phenomenon

There are also several studies on the automorphism of power monoids. To study the
cyclic sieving phenomenon:

© For a finite set X, find an interesting g-analog of X (like the g-Catalan numbers)

® Consider a natural cyclic action on X, then check the cyclic sieving phenomenon.

® One important reason to study cyclic sieving phenomenon is a representation
theoretic explanation: find a natural vector space V with a basis indexed by X,
where V is normally a representation space of the cyclic groups.

® In many cases, the essence of the cyclic sieving phenomenon is an isomorphism
between two representations of a cyclic group (one is permutation, the other one is
diagonal).



® Cayley table



Determinant of the circulant matrix

The determinant of the circulant matrix is a classical exercise in linear algebra:

o X1 X2 o Tp—1
I xro X3 - X0
circ(zg, 1, .., xp—1) = | T2 T3 T4 - T

Tp—-1 Lo L1 - Tp—2



Determinant of the circulant matrix

The determinant of the circulant matrix is a classical exercise in linear algebra:

o X1 X2 - Tp—1
r T2 T3 - )
circ(zg, 1, .., xp—1) = | T2 T3 T4 - T
Tn—-1 o L1 ' Tp—2
n—1 n—1
det(circ(zo, 1, ..., xn1)) = | [ ¢Fay), ¢ = e2iln,

i
o
i
o



Determinant of the Cayley table

Let G be an additive abelian group of order n.



Determinant of the Cayley table

Let G be an additive abelian group of order n. The Cayley table of G is

Ma = (Tarb)apec-



Determinant of the Cayley table

Let G be an additive abelian group of order n. The Cayley table of G is

Mea = (Zasb)apea-

For example: C3 = Z/3Z = {xg =0, z1 =1, 29 = 2}

rog I1 I2
MC3 = Tr1 T2 X0
T2 Xo T1



Determinant of the Cayley table

Let G be an additive abelian group of order n. The Cayley table of G is

Mea = (Zasb)apea-

For example: C3 = Z/3Z = {xg =0, z1 =1, 29 = 2}

rog I1 I2
MC3 = Tr1 T2 X0
T2 Xo T1

C4ZZ/4Z:{$0:6, Il :T, IL‘2:§, l’gzg}

o I1 T2 I3
1 X2 T3 X
T2 T3 To X1
T3 o T1 X2



Determinant of the Cayley table

The determinant of Mg (called the group determinant), denoted by det(Mg), is a
homogeneous polynomial of degree n in z;’s:

det(Mc,) = det (mo x1> =3 — 1t

r1 o



Determinant of the Cayley table

The determinant of Mg (called the group determinant), denoted by det(Mg), is a
homogeneous polynomial of degree n in z;’s:

rog I1
det(Mc,) = det <$1 SCO) =3 — 1t

To T1 T2
det(Mg,) =det [ 21 22 20| = —:1:3 — xi’ — x%’ + 3zoT1T2.
Ty TO T1



Dedekind and Frobenius

Dedekind wrote to Frobenius (March 25, 1896) a letter containing the definition of
the group determinant and the factorization in the abelian case.

Dedekind also hinted at some computations in the non-abelian case that he had done
(without including them). Upon Frobenius’ insistence, he hesitatingly formulated a
conjecture in a letter dated April 3, 1896, for an arbitrary finite group G.



Frobenius’ Theorem, December 3, 1896

Let G be a finite group of order n. Then we have
det(Mg) = HP Tgy )%,

where

@ r is the number of conjugacy classes of G;

® P, irreducible and deg(P;) = d;. In particular, > =|G]|.

112

When G is abelian and G = {x0, " s Xn—1}

n—1 n—1

det(Mg) = [T xilg)zy).

1=0 geG



Permanent of the Cayley table

The permanent of Mg (called the group permanent of GG), denoted by per(Mg), is
a homogeneous polynomial of degree n in x;’s:

rg I1 XI2
per(Mc,) =per | x1 20 20 | = 23 + 23 + 23 + 3zo2 29
T2 To 1

Recall that, for an n x n matrix M = (m;)1<s,j<n, the permanent

per(M) = Z Hmi,T(i)‘

TESH 1=1



Group permanent

rg I1 T2 I3
r1 To T3 Xo
Tro I3 To I1
r3 Ty I1 T2

= xé + ac‘ll + 1‘3 + J;§ + 4x3x1x3 + 2:1:%3;%

per(Mc,) = per

2 2 2 2,2
+ dxoxize + dxoT273 + dT120573 + 22723,



Permanent of the Cayley table

Let P(G) denote the number of formally different monomials occurring in per(Mg).



Permanent of the Cayley table

Let P(G) denote the number of formally different monomials occurring in per(Mg).

o T1 X2
per(Mc,) = per | x1 @2 x| = mg + 23 + 23 + 3zozi 0.
T2 Ty X1

Therefore, we have P(C3) = 4.



Permanent of the Cayley table

Let P(G) denote the number of formally different monomials occurring in per(M¢).

Lo T1 X2
per(Mc,) = per | x1 @2 x| = mg + x:{‘ + x% + 3zox129.
T2 Ty T1

Therefore, we have P(C3) = 4.

rg I1 T2 I3
Tr1 T2 I3 X9
Tro I3 Ty I1
r3 Ty I1 I2

4 4 4 4 2 2,2
=29+ 2] + x5 + 23 + drgrias + 2zpx;

per(Mc,) = per

2 2 2 2 2
+ dxoxize + dxoT273 + dT120573 + 22723,

Therefore, we have P(Cy) = 10.



Permanent of the Cayley table

o I1
r1 I2
per(Mc,) = per | 72 x3
Tr3 T4
g4 X0

L2
L3
Lq
Lo
I

x3
X4
xo
T
€2

T4
T
X1
T
3

= ) 4 25 + x5 + ) + 2 + Sasaize + 5rdrgad + Sriaia

+ 533%.%:131 + 5:E4J:gm1 + 51‘2:30:3% + 5$4$(2)$% + 5$3x4x? + 5m§x4:ﬂ2

+ 5@21:5(2)3:2 + 5x3x8$2 + 5xix1$2 + 5x§$%x2 + 5:c4$%x% + 5:50:6‘;’3:2

+ bagrias + baswors + bririrs 4+ brarors + Sraxrias

+ 15xpx1220T324.

Therefore, we have P(C5) = 26.



Permanent of the Cayley table

o I1 L2 X3 T4 ITs T
Ty T2 XT3 T4 Ty Te T
Ty T3 T4 Tz Tg To T1
per(Mc,) = per | x3 x4 x5 xg xo X1 X2
T4 Tz T To X1 T2 T3
s T Lo L1 T2 T3 T4
Tg TO T1 T2 XT3 Ty T

=al + o] +ab + 2l +al + x4 2l + Txdeize + Trdread + - -

+ ldadzizoxy + 1dadada? + - - - 4 21adz x32? + 21adxdzswe + - - -

+ 35x8x2$3x4x5 + -+ 42I(2)CL‘§11341‘5£E6 + -+ 4935%5529342@5556 + -

+ 133xgx1T200324T526-

We have P(C7) = 246.



Permanent and zero-sum sequences

Theorem 3.1 (M. Hall, Proc. Amer. Math. Soc., 1952)

For any finite abelian group G of order n, a monomial
[ =7
geG
appeared in per(Mg) if and only if ngG g% is a zero-sum sequence of length n, i.e.,
> igg =0,
geG

the identity of G.




Permanent and zero-sum sequences

Theorem 3.1 (M. Hall, Proc. Amer. Math. Soc., 1952)

For any finite abelian group G of order n, a monomial
[ =7
geG
appeared in per(Mg) if and only if ngG g% is a zero-sum sequence of length n, i.e.,
> igg =0,
geG

the identity of G.

In our previous notation, P(G) = M(G, |G|).



The group permanent determines the finite abelian group

Theorem 3.2 (Li and Z., Electronic J. Combin. 2024)
Let G and H be finite abelian groups. We have

P(G) = P(H) & G=H.




Determinant of the Cayley table

Let Det(G) be the number of different monomials in det(Mg).



Determinant of the Cayley table

Let Det(G) be the number of different monomials in det(Mg).

Recall the group determinant:

o IT1 T2

det(MCS) =det|x1 2 x| = —SCS — :E“i’ - x%’ + 3xpz122.

To Ty X1

We have, Det(Cs3) = 4.



Determinant of the Cayley table

Let Det(G) be the number of different monomials in det(Mg).

Recall the group determinant:

Lo X1 X2
det(MCS) =det|x1 2 x| = —SC% — :E“i’ - x%’ + 3xpz122.
T2 Tp T1

We have, Det(Cs3) = 4.

In view of possible cancellations, we have Det(G) < P(G).



Example - Cg, P(Cs) = 80

per(Circ(z,y, z, t,u,v)) = o9+ 48+ 25 + 1% + ub +v° + 6tuz + 6ttvy
+3t422 + 6t3uy + 1263uvz + 26303 + 613022
+1283xyz + 2632 + 6t2ulz + 9t2uv? + 9t3u2 2>
+242uvyz + 1262ux?2 + 18t%2ury? + 182022z
+9t20%y2 + 1212022y + 3t22* + 612223 + 9t2y% 22
+6tutv + 12tuyz + 24tuvrz + 12tuvy?
+18tulx?y + 12tuvdz + 24tuvzy + 12tuva®
+12tuwz® + 24turyz? + 12tuy®z + 6tvty + 6tviz?
+12tv2yz? + 18tva?2? + 24tvry?z + 6toy?
+6tx2y3 + 12tx3yz + 6tyz* + 6utzz + 3uty?
+6ulv?z + 12udvzy + 2udz® + 2u323 + 6uvdy
+9u?v22? + 18uvy2? + u’x?2? + 12u’xy?2
+3uy* + 6uvtz + 12uv?r2? 4 18uv?y?z
+24uvzlyz + 12uvay® + 6uztz + 6uxdy? + 6uxz?
+6uy?z® + 3vt2? + 1203 zyz + 20393 + 602232
+9v22%y? 4 3v%2* + 6uzty + 122y + 6uy32?
+2232% + 9224222 + 6y’ 2.



Example - Cg, Det(C

det(Circ(z,y, z,t,u,v))

29 — 98 + 28 — 10 1 8 — 08 + 6thuz + 6tluy
+3t12? — 6t3uy — 1263uvr — 26303 — 63022
—1283zyz — 2633 + 6t%u3x + 9t?u0? — 912222
+18t2uzy? + 18t%v% w2 — 9t20?y? — 32t
+6t2z23 + 912222 — 6tutv + 12tudyz
—18tua?y — 12tuv®z + 12tuva® + 12tuvz®
—12tuy3z + 6tvty — 6tv3z? — 18tvz?2? + 6tuy?
—6tx?y® + 12tx3yz — 6tyz? — 6utarz — Juty?
+6udv?z + 12ulvzy + 2udz® + 2u32® — 6uZ0vy
—9u?v2x? — 18u?vy2? + 2222 + 3u’y?
+6uviz + 18uv?y?z — 12uvzy® — 6uztz
+6uxdy? — Guxrz? + 6uy?2® + 3v22 — 1203zy2
—203y3 + 602232 + 9v2a?y? — 3022t — Guaty
+12vzy23 — 6vy32?

+22323 — 9229222 + 6ay’z;



Comparison

For simplicity, we denote d(n) = Det(C),) and p(n) = P(Cy).

n d(n) p(n) n d(n) p(n)

1 1 1 7 246 246
2 810 810
3 4 + 9 2704 2704
+ 10 10 10 7492 9252
. 26 26 11 32066 32066
6 68 80 17 86500 112720




Determinant of the Cayley table

Using the theory of symmetric functions and p-adic analysis, it is proved that

Det(Cy) =P(C) < nis a prime power.

e Hugh Thomas (J. Algebraic Combin. 2004)
e Colarte, Mezzetti, Mir6-Roig and Salat (Proc. Amer. Math. Soc. 2019)



Determinant of the Cayley table

Using the theory of symmetric functions and p-adic analysis, it is proved that

Det(Cy) =P(C) < nis a prime power.

e Hugh Thomas (J. Algebraic Combin. 2004)
e Colarte, Mezzetti, Mir6-Roig and Salat (Proc. Amer. Math. Soc. 2019)

Theorem 3.3 (Wang-Zhang, 2026)

Let G be a finite abelian group and |G| is a prime power, then

Det(G) = P(G).

This answers a problem of Panyushev (J. Algebraic Combin. 2011).



Transversal

A transversal in a Latin square is a collection of cells which do not share any row,
column, or symbol.

11416]5[3(2
5121413116
6[3(2]4]5]1
2151116]4]3
31615[1]2]4
411]13]12]6/(5




Transversal

Enumerating transversals in the cyclic Latin square M, is an important topic in
combinatorics, where n is odd.

rg I1 T2 I3 T4
Iy X2 T3 T4 X9
Moy, =22 23 4 w0 14
I3 X4 To T1 X2
Ty To X1 T2 T3



Transversal

Enumerating transversals in the cyclic Latin square M, is an important topic in

combinatorics, where n is odd.

o 1
r1 I2
MC5 = o I3
r3 T4
T4 T

T2
T3
T4
Zo
T

T3
L4
o
Ml
T2

T4
L0
L1
T2
T3

There are 15 transversals in M, and 133 transversals in Mc,.



Transversal

Enumerating transversals in the cyclic Latin square M, is an important topic in
combinatorics, where n is odd.

To T1 T2 T3 T4
r1 T2 X3 T4 X0
Mo, = |22 23 24 29 71
r3 T4 To T1 T2
T4 2o T1 T2 X3

There are 15 transversals in M, and 133 transversals in M¢.. (Note that, there is
no transversal in M¢, when n is even)



Transversal

Verifying a conjecture of Wanless (London Math. Soc. Lecture Note, 2011),
Eberhard, Manners, and Mrazovi¢ obtained the following remarkable result using Fourier
analytic method (a variant of Hardy-Littlewood circle method).

Theorem. (Eberhard-Manners-Mrazovié¢, J. Eur. Math. Soc. 2019)

Let n be an odd integer, the number of transversals in M¢, is

n!2

nn—l :

(e™/2 +0(1))

S. Eberhard, F. Manners and R. Mrazovié¢, Additive triples of bijections, or the
toroidal semiqueens problem, J. Eur. Math. Soc., (JEMS) 21 (2019), no. 2, 441-463.



Coefficient of zgxy - - x,_1 in per(M¢,)

The number of transversals in M, is also coefficient of zgz1 - - z,_1 in per(Mg,, ).

To T1 T2 T3 T4
T1 X2 T3 T4 To
per(Mc,) =per | z2 =3 x4 w9 =1
r3 T4 Ty X1 X9
T4 To T1 T2 X3
=) + 2% + 25 + 23 + @) + dwswizg + 5riraad + brjair
+ 5@‘%950321 + 53641‘8951 + 51'4213301‘% + 51‘433(2).7}% + 5x3x4azi’ + 53:3:54:@
+ 53:33:(2@2 + 5:63338x2 + 5@3@1932 + 5x§x%x2 + 5x4x%x% + 5x0$‘i’az2
+ 5rarirs + badxoxs + bxdrird 4+ brawors + brsxiah

+ 15.26()%1(172.%3%4.



Coefficient of :

o 1 T2 T3 T4 T Te
T1 Ty T3 T4 Ty X T
Ty T3 T4 Tz T Ty T
per(Mc,) =per | 3 x4 x5 T Xo T1 T2
T4 Ts T To T1 T2 T3
Ts5 Tg Ty T1 T2 T3 T4
e To L1 T2 X3 T4 Tj

4.2
=al + 2] +od + a2l + 2] + 2l 4+ 2l + Tajrize + Trprend 4 -

+ Majrizory + 1dadada? + - + 2ladrzs2? + 21adaizsaze + - - -

+ 35x8x2x3x4x5 + -4 42x%x§$4x5x6 4+ -+ 49x%x2:1;?1x5x6 + .-

+ 1332011 220T3T4T5T6.



On the coefficients of the group permanent

Mrazovié (Thesis, Oxford University 2016) also proposed the problem of studying
coefficient of other monomials, how is their distribution?



On the coefficients of the group permanent

Mrazovié (Thesis, Oxford University 2016) also proposed the problem of studying
coefficient of other monomials, how is their distribution?

Eberhard studied that a similar distribution problem for Latin hypercube (not the
Latin square in our case) and showed that the distribution is almost flat. (completely
different from the Latin square case)

S. Eberhard, More on Additive triples of bijections, arXiv:1704.02407.

S. Eberhard, F. Manners and R. Mrazovié¢, An asymptotic for the Hall-Paige
congecture, Adv. Math. 404 (2022), Paper No. 108423, 73 pp.



On the coefficients of the group permanent

Following and modifying the above approach of Eberhard-Manners-Mrazovié, we
considered some other monomials.

Theorem 3.4 (Tang-Wu-Zhang, 2026)

When n is odd, the transversal
oLl Tp—1

has the largest coefficient among all the monomials in per(Mc,)




On the coefficients of the group permanent

Following and modifying the above approach of Eberhard-Manners-Mrazovié, we
considered some other monomials.

Theorem 3.4 (Tang-Wu-Zhang, 2026)

When n is odd, the transversal
oLl Tp—1

has the largest coefficient among all the monomials in per(Mc,)

In fact, the theorem holds for abelian groups of odd orders.



On the coefficients of the group permanent

Theorem. (Tang-Wu-Zhang, 2025+)

Let n be an odd integer, the coefficient of :c%xgxg -+ Zp—g in per(Mg,) is

n!?
n—1"

(372 +o(1)-




On the coefficients of the group permanent

Theorem. (Tang-Wu-Zhang, 2025+)
Let n be an odd integer, k a fixed integer and a; > 2 (1 <1 < k), the coefficient of

..xit

in per(Mg,,) is




Immanants

Recall that, for an n x n matrix M = (m;;j)1<i j<n, the permanent and the

determinant
det(M) = Z sgn(T Hm” ()

TGSn

per(M) = Z Hmi,r(i)

TESH 1=1

and



Immanants

Recall that, for an n x n matrix M = (m;;j)1<i j<n, the permanent and the

determinant
det(M) = Z sgn(T H My (i)
TGSn
and .
per(M) = Z Hmi,r(i)
TESH 1=1

are just special cases of the immanant

imm)\ Z X H M (i),

TES i=1

where x* is an irreducible character of S, indexed by the partition \ of n.



Immanants

Recall that, for an n x n matrix M = (m;;j)1<i j<n, the permanent and the

determinant
det(M) = Z sgn(T H My (i)
TGSn
and .
per(M) = Z Hmi,r(i)
TESH 1=1

are just special cases of the immanant
imm)\ Z X H My 1 (3)s
TESK i=1

where x* is an irreducible character of S, indexed by the partition \ of n.

Note that, immny(M) = det(M), imm,) (M) = per(M).



Immanants

The history of immanants goes back to Schur’s work on Hermitian forms and
characters, he considered generalized matrix functions associated with group characters
and proved fundamental inequalities for positive semidefinite Hermitian matrices A:
immy (A4) > x*(1)det(A).

The word and systematic study of immanants entered the literature through
Littlewood and Richardson’s work, their papers placed immanants in the representation
theory of symmetric groups and in the emerging language of symmetric functions.



Immanants

Classical works on immanants developed along several directions:

(1) Elliott H. Lieb’s Permanental dominance conjecture:
immy(A4) < x*(1)per(A)

for positive semidefinite Hermitian matrices A;



Immanants

Classical works on immanants developed along several directions:

(1) Elliott H. Lieb’s Permanental dominance conjecture:
immy(A4) < x*(1)per(A)

for positive semidefinite Hermitian matrices A;

(2) Representation theory and symmetric-functions: M. Haiman, Hecke algebra
characters and immanant conjectures, J. Amer. Math. Soc. 6(3), 569-595 (1993);



Immanants

Classical works on immanants developed along several directions:

(1) Elliott H. Lieb’s Permanental dominance conjecture:
immy(A4) < x*(1)per(A)

for positive semidefinite Hermitian matrices A;

(2) Representation theory and symmetric-functions: M. Haiman, Hecke algebra
characters and immanant conjectures, J. Amer. Math. Soc. 6(3), 569-595 (1993);

(3) Positivity phenomena on totally positive or totally nonnegative matrices: J. R.
Stembridge, Immanants of totally positive matrices are nonnegative, Bull. London Math.
Soc. 23, no. 5 (1991), 422-428.



Immanants - computational complexity

For A\ F n and the irreducible character X)‘ of S,

immy(4) = Z X/\(W)HAim(i)'
i=1

TK'ESn
Easy: determinant Hard: permanent
A= (1"), x*=sgn, immy =det. A=(n), x =1, immy =per.
Gaussian elimination gives polynomial-time Valiant proved the permanent of 0—1 matrices
computation; algebraically, the determinant is #P-complete; it is also the canonical

family lies in VP. VNP-complete family.



Immanants - computational complexity

For A\ F n and the irreducible character X)‘ of S,

immy(4) = Z X/\(W)HAim(i)'
i=1

TK'ESn

Easy: determinant Hard: permanent

A= (1"), x*=sgn, immy =det. A=(n), x =1, immy =per.
Gaussian elimination gives polynomial-time Valiant proved the permanent of 0—1 matrices
computation; algebraically, the determinant is #P-complete; it is also the canonical
family lies in VP. VNP-complete family.

determinant immanants permanent
a bridge

L. G. Valiant, STOC 1979.



Representative results: a dichotomy

Biirgisser (SIAM J. Comput., 2000), Biirgisser-Ikenmeyer-Panova (J. Amer. Math. Soc. 2019)

e For hook diagrams and rectangular diagrams of polynomially growing width,
Imm) is #P-complete and VNP-complete.

e Hence many immanants between determinant and permanent are already permanent-hard.



Representative results: a dichotomy

Biirgisser (SIAM J. Comput., 2000), Biirgisser-Ikenmeyer-Panova (J. Amer. Math. Soc. 2019)

e For hook diagrams and rectangular diagrams of polynomially growing width,
Imm) is #P-complete and VNP-complete.

e Hence many immanants between determinant and permanent are already permanent-hard.

Curticapean (STOC 2021): a full complexity dichotomy

Let b(A) = n — £()\), the number of boxes to the right of the first column. For a family A:

b(A) < oo = polynomial-time evaluation,

b(A) unbounded = intractability under standard parameterized assumptions,
b(A) polynomially growing =— #P- and VNP-hardness.



Immanants of the Cayley table

Now, we consider the immanants

immjy (M) = Z X7 H M7 (i)

TES), i=1

where y* is an irreducible character of S, indexed by the partition \ of n.



Immanants of the Cayley table

Now, we consider the immanants

immy(M) = > M) [[ i,
TESH i=1

where y* is an irreducible character of S, indexed by the partition \ of n.

We consider the partition A = (n — 1,1). Let Fix(0) be the number of fixed points of
o € S,. For example, if 0 = (134)(2)(57)(6) € S7, then Fix(c) = 2.

Then we have
X(”_l’l)(a) = Fix(o) — 1.



Immanants of the Cayley table

Let Z)(n) be the number of formally different monomials occurring in immy(Mg,,).

Recall that p(n) = P(C,), d(n) = Det(C,,), and p(n) = d(n) iff n is a prime power.

n | d(n) | p(n) | Znoinn) | n | dn) | p(n) | Zpo1,1)(n)
2 2 2 2 7 246 246 0

3 4 4 0 8 810 810 502

4 10 10 6 9 2704 2704 0

5 26 26 0 10 | 7492 9252 9252

6 68 80 80 11 | 32066 | 32066 0




Immanants of the Cayley table

Let Z)(n) be the number of formally different monomials occurring in immy(Mg,,).

Recall that p(n) = P(C,), d(n) = Det(C,,), and p(n) = d(n) iff n is a prime power.

n | d(n) | p(n) | Znoinn) | n | dn) | p(n) | Zpo1,1)(n)
2 2 2 2 7 246 246 0

3 4 4 0 8 810 810 502

4 10 10 6 9 2704 2704 0

5 26 26 0 10 | 7492 9252 9252

6 68 80 80 11 | 32066 | 32066 0

Several numerical results and partial results were obtained in

X. Wang, H. Zhang and S. Zhang, On Immanants of the Cayley Table of Finite
Abelian Groups, Bull. Braz. Math. Soc. (2026).




Immanants of the Cayley table

For abelian group G, let Z)(G) be the number of formally different monomials
occurring in immy(Mg).

Theorem 3.5 (Wang-Zhang, 2026)

Let G be an ablian group with |G| > 3 odd, then

I(n—l,l)(G) =0.

Theorem 3.6 (Wang-Zhang, 2026)

Let G be an abelian group with |G| > 3 odd, then

I(Z,l"—Z) (G) = 0

Note that (n — 1,1) and (2,1"72) are conjugate.



Immanants of the Cayley table

Theorem 3.7 (Wang-Zhang, 2026)
Let G be an abelian group with |G| =2 (mod 4), then

Zin-1,1)(G) = P(G).




Immanants of the Cayley table

Theorem 3.7 (Wang-Zhang, 2026)
Let G be an abelian group with |G| =2 (mod 4), then

Zin-1,1)(G) = P(G).

Theorem 3.8 (Wang-Zhang, 2026)

Let G be an ablian group with |G| =2 (mod 4), then

I(len—:)) (G) = D@t(G) o




Immanants of the Cayley table

Theorem 3.9 (Wang-Zhang, 2026)
Let G be an abelian group with |G| > 7 odd, then

imm(4,1n—4) (MG) = imm(272’2’1n—6) (MG)




Immanants of the Cayley table

Theorem 3.9 (Wang-Zhang, 2026)
Let G be an abelian group with |G| > 7 odd, then

imm(4,1n—4) (MG) = imm(272’2’1n—6) (MG)

They are equal as polynomials.



Thanks for your attention!
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